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The e m p ir ic a l  pseudopotent ia l  method is d iscussed.  Wave
fu n c t io n s  f o r  the  f r e e  sodium and cesium atoms which agree w e l l  w i th
the exa c t  va lence e l e c t r o n  f u n c t io n s  a t  la rge  d is tances  a r e  obta ined
by numerical  s o l u t io n  o f  the wave equat ion  in c o r p o r a t in g  th e
p s e u d o p o te n t ia l .  A H e i t 1er-London c a l c u l a t i o n  is made f o r  the
lowest s i n g l e t  and t r i p l e t  s t a t e s  o f  the Na -  Cs system. The
d i f f e r e n c e  in en e rg ie s  o f  these s t a t e s  is used in the c a l c u l a t i o n  o f
the spin  exchange cross sec t ion  in c o l l i s i o n s  o f  sodium and cesium
atoms. The s c a t t e r i n g  phase s h i f t s  a re  c a l c u l a t e d  in the JWKB
a p p ro x im at ion ,  and th e  cross s e c t io n  computed from them is averaged
over a Boltzmann d i s t r i b u t i o n  o f  r e l a t i v e  v e l o c i t i e s .  At  a
tem pera ture  o f  500°K,  the averaged reduced s p in  exchange cross
- 1 4  2
sec t ion  is 1 .48  x 10 cm .
The e f f e c t  o f  e l a s t i c  s c a t t e r i n g  on the cross s e c t io n  f o r  
e l e c t r o n i c  e x c i t a t i o n  in the c o l l i s i o n s  o f  s low atoms i n t e r a c t i n g  by 




Knowledge o f  in tera tom ic  p o t e n t ia ls  is o f  fundamental 
importance in many problems in physics,  astronomy, and chemistry.
In the case o f  atoms with few e lec t rons  reasonably accurate Quantum 
Mechanical c a lc u la t io n s  from f i r s t  p r in c ip le s  are poss ib le .  For 
heavier  atoms, however, great  mathematical and computational  
d i f f i c u l t i e s  a r i s e .  In t h is  respect ,  a class o f  atoms having only  
one valence e le c t ro n  and th a t  in a s s t a t e ,  i . e .  the a l k a l i e s ,  
deserve special  cons idera t ion .  As a f i r s t  step one can th in k  of the 
a l k a l i e s  as one -e lec t ron  atoms w i th  the s ing le  e le c t ro n  moving in a 
non-coulomb f i e l d .  The second step is to  r e a l i z e  th a t  the e f fe c ts  
o f  e lec t rons  in closed sh e l ls  are not removed e n t i r e l y  (by the f i r s t  
step) because even in low energy problems where only the valence 
e lec trons  are  o f  real in t e r e s t ,  i t  is s t i l l  necessary to  consider  
the orghogonal ity  o f  the valence e le c t ro n  wave funct ion  to  the wave 
funct ions o f  e lec t rons  in closed sh e l ls  in both o f  the in te ra c t in g  
atoms. Thus i t  is d e s i ra b le  to  remove the core e lec t rons  from the 
problem completely.  This is accomplished by the pseudopotential  
discussed in sec. IV.
When two a l k a l i  atoms in t h e i r  ground s ta tes  approach each 
o t h e r ,  two spin s ta tes  are  poss ib le ,  a s i n g le t  and a t r i p l e t ,  and 
each o f  these has i t s  own p o te n t ia l  energy curve. In the present  
case we are in te re s te d  in spin exchange s c a t te r in g  which-, in the semi-  
c la s s ic a l  approximat ion,  depends on the d i f f e r e n c e  between these 
two energy curves,
I
Moreover, we are in te re s te d  in atomic in te ra c t io n s  a t  moderately  
la rge  separat ions where there  is no over lap  o f  the wave funct ions  
o f  core e le c t r o n s ,  and we propose to  c a l c u l a t e  the d i f f e r e n c e  in 
p o t e n t i a ls  in the H e i t 1er-London approxim at ion.  (See Sec. V ) .
The Hami l ton ian  f o r  a system o f  in t e r a c t i n g  Na and Cs atoms 
is set up, using the atomic p se udopoten t ia ls .  The t o t a l  wave fu n c t io n  
f o r  the i n t e r a c t i n g  system is approximated by a p ro p e r ly  a n t i ­
symmetrized product o f  func t io ns  o f  the  in d iv idu a l  e le c t r o n s .  For 
these separate funct ions  one uses the wave func t io ns  r e s u l t in g  
from so lv in g  the wave equat ion  f o r  each o f  the in d iv idu a l  f r e e  atom 
( p a r t i c i p a t i n g  in the i n t e r a c t i o n )  making use o f  the pseudopoten t ia l .  
Undoubtedly t h i s  is not exa c t .  For an improved c a l c u l a t io n  one 
would have to consider  a lso  e x p l i c i t l y  the e x c i te d  s ta tes  o f  the  
atoms. However, i t  c e r t a i n l y  is a reasonable approximat ion f o r  the  
lowest s ta te s  o f  the quas i-m olecu le .
The spin exchange cross s e c t io n ,  (Sec. V I ) ,  f o r  the s c a t t e r i n g  
o f  a l k a l i  metal atoms is determined by the d i f f e r e n c e  in p o t e n t ia l  
energy curves between s i n g l e t  and t r i p l e t  s t a t e s ,  and s i.qce the  
atomic s ta te s  involved are  s s t a t e s ,  t h i s  d i f f e r e n c e  w i l l  be 
una ffec ted  by a common Van der Waals p o t e n t i a l .  I t  is proper  to  
note a t  t h i s  p o in t  t h a t  o th e r  atoms introduce not only  the d i f f i c u l t y  
of  having more e le c t ro n s  but o f  having them in p or d s h e l l s  in which 
case the angular  dependent p a r t  o f  the Van der Waals force  would 
have to  be taken in to  c o n s id e ra t io n .
A t h e s is  on atomic i n t e r a c t i o n s ,  however, cannot be complete 
u n t i l  the e f f e c t s  o f  e l a s t i c  s c a t t e r i n g  ( d e v ia t io n s  from s t r a i g h t
l in e  t r a j e c t o r y )  are examined. The e x c i t a t i o n  o f  an atom in a
c o l l i s i o n  w ith  another atom in a s i t u a t i o n  in which the dominant
1 2i n te ra c t io n  is the Van der Waals i n te ra c t io n  has been studied.  '
I t  i s ,  th e r e f o r e ,  in te re s t in g  to ob ta in  a q u a n t i t a t i v e  measure o f  
the e f f e c t  of  e l a s t i c  s c a t te r in g  on the cross section o f  e l e c t r o n ic  
e x c i t a t io n  in the c o l l i s i o n  of  slow atoms in te r a c t in g  by Van der 
Waals fo rces .^  This is done in Sec. I l l  .
I I  INTERATOMIC POTENTIALS -  BRIEF LITERATURE REVIEW
The study o f  atomic in te ra c t io n s  presents us w ith  the 
d i f f i c u l t i e s  o f  the many e le c t ro n  problem which we cannot handle 
e x a c t ly  but can only t r e a t  by approximate methods. In the l i m i t  
of  two atoms approaching each other  very  s low ly ,  the concept of  an 
in te ra tom ic  p o te n t ia l  energy func t io n ,  V ( R ) , has become very use fu l .  
I t  has been e x te n s iv e ly  used in the study o f  a considerable  range
of  phenomena associated w i th  the equat ion of  s ta te  and transport
p ro p e r t ie s  of  gases and s o l id s .  For example, c lass ica l  s t a t i s t i c a l
mechanics r e la te s  V(R) to  the temperature-dependent second v i r t a l
. . 4
c o e f f i c i e n t ,  B ( T ) , through the equation
B(T) = 2ffNo f  [1 -  exp ( -  ^ - ) ] R 2dR (2 .1 )
o
where Nq is Avogardo's number, R is the in teratomic separat ion  and K 
is the Boltzmann constant,  with quantum co r re c t io n s ,  A  B(T) given by
A h2 No r® / V (R )w dV(R)x2 „2 ...A B ( T )  =  --------  c - r  r e x p ( -  - *=*• )  (■ '  * ) R dR ( 2 .2 )
*  24ffK T o KT dR
In (2 .2 )  h is Planck's  constant,  f i  is the reduced mass o f  the two
atoms whose in te ra c t io n  is described by the p o te n t ia l  V(R) .  Also
the k i n e t i c  theory o f  gases r e la te s  i t  to  the t ranspor t  p ropert ies
o f  gases ( c o e f f i c i e n t s  o f  v i s c o s i t y  T), d i f f u s io n  D, and heat
4 5c o n d u c t iv i ty  X) through the general in te g ra l  •
h
n ^ ’ r ) = { 2ttKT/ f i ) ^  / “J *  e x p ( - y 2) y 2 r+3 ( l - c o s Xe) *
• ( y , 0 ) s in  0 d0 dy
o o
( 2 .3 )
with
2 I   E
' 2 KT ”  KT (2 .4 )
and A = r = T f o r  D, and & = r = 2 fo r  tf and X .
In ( 2 ,3 )  V( R) enters  the equation through the d i f f e r e n t i a l  cross­
sect ion I ( y , 0 ) .
Despite the usefulness o f  the in te ra tom ic  p o te n t ia l  we have 
not been able to  develop a method simple enough for  c a lc u la t in g  i t ,  
e s p e c ia l l y  a t  small in tera tomic  separat ions where the forces are
g
r e p u ls iv e .  For large separat ions ,  London has proved by quantum 
theory th a t  the in te r a c t io n  p o te n t ia l  should be proport ional  to  -R 
The t rend has th e re fo re  been to invent mathematical models which 
would be ( i )  adequate in the region o f  repu ls ive  as well  as a t t r a c t i v e  
fo rces ,  ( i i )  ap p l ic a b le  to a large number o f  systems and, ( i i i ) s i m p l e  
enough to  be used in c a lc u la t io n s .
The var ious a n a l y t i c  expressions being used contain one, two or 
more a r b i t r a r y  parameters which are determined by using these 
p o t e n t ia ls  to f i t  experimental data fo r  gases ( e . g . v i s c o s i t i e s , 
v i r i a l  c o e f f i c i e n t s ) ,  the c r y s t a l l i n e  s ta te  ( e . g .  e q u i l ib r iu m  
p ro p e r t ies  o f  the c rys ta l  l i k e  the entropy,  energy, and d e n s i t y ) ,  
e tc .  This procedure had great  successes w ith  systems th a t  are  
chemical ly  non-reac t ing  ( e .g .  the in e r t  gases) or having repu ls ive  
e l e c t r o n ic  s ta tes  ( e .g .  the s ta te  o f  N a£ ) . I t  has not ,  however,
been uniformly successfu l.  For example i t  is poss ib le  to obta in  a set  
o f  parameters fo r  some form o f  the p o te n t ia l  which would f i t  e x p e r i ­
mental data f o r ,  say, the second v i r i a l  c o e f f i c i e n t  fo r  Argon in i ts  
gaseous s ta te  but the same set o f  parameters would give a poor f i t  
to  the experimental data fo r  i ts  v i s c o s i t y . ^  Furthermore, w ith  
chemical in te ra c t io n s  a too simple form fo r  the p o te n t ia l  is no 
longer s a t i s fa c t o r y  because i t  cannot adequately descr ibe the 
exchange a t t r a c t io n s  which depend s t rong ly  on the nature o f  the  
atoms involved.
In f ig u re s  1 and 2 we present  some of  the types o f  in te ra tom ic
p o t e n t ia ls  used fo r  systems having spherica l  symmetry. A p p l ic a t io n s ,
m er i ts ,  and regions o f  a p p l i c a b i l i t y  o f  each o f  these as well  as many
b  7-12others have been presented by several authors ’ and we w i l l  not
dwell on them here any f u r t h e r .
At t h is  point  i t  is appropr ia te  to give a word o f  caut ion.
The whole concept of  in te ra tom ic  p o te n t ia l  breaks down i f  the change
in the energy o f  i n te ra c t io n  w i th in  a d istance o f  one De Brogl ie
wavelength (X = h/ /iv)  is comparable to  the separat ion  between th is
1 3and another p o te n t ia l  energy curve . Furthermore, in cases where 
two p o te n t ia l  energy curves approach each other  a t  some in teratomic  
separat ion th a t  is not too la rge ,  so t h a t  the i n te ra c t io n  is s t i l l  
strong enough to  cause t r a n s i t i o n s , then even slow col 1 isions do not 
fo l lo w  a s ing le  p o te n t ia l  energy curve.
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I l l  ELASTIC SCATTERING AND INELASTIC TRANSITIONS
1 2The studies considered by Callaway e t . a l .  ' have employed the
impact parameter method: the motion o f  the heavy p a r t i c l e  was t re a te d
c l a s s i c a l l y ,  and both the change in speed due to  loss or gain o f
energy during the e x c i t a t i o n ,  and the change in d i r e c t io n  o f  motion
due to  e l a s t i c  s c a t te r in g  were ignored.
Although cross sections computed using these methods are in
reasonable agreement with experiment,  we b e l ie v e  i t  is important
3
to consider possib le  correc t ions  to these approximations. Consider,  
fo r  example, the react ion
N a  ( 2 p 3 / 2 )  +  A r  -  N a  ( 2 p i / 2 > +  A r  •
The energy d i f fe re n c e  between the s ta tes  is . 002eV. This  process has 
a cross section <7 w 0 . 6  x 10 ^  cm2 a t  energ ies o f  about 400°K. I f
l
we consider a c h a r a c t e r is t i c  length fo r  th is  reac t ion  I  = (<7 / _ ) 2 ,
o tt
the strength of  the Van der Waals p o t e n t ia l  a t  d istance S i is close
to the i n i t i a l  k i n e t i c  energy. Therefore  i t  is d e s i ra b le  to
in ves t ig a te  e l a s t i c  s c a t t e r in g  by the Van der Waals p o t e n t i a l .
The theory o f  the e l a s t i c  s c a t te r in g  o f  atoms has been
14e x te n s iv e ly  studied by ford  and Wheeler . We w i l l  confine our 
a t t e n t i o n  here to  grazing c o l l i s i o n s  in which the short range 
repu ls ive  forces between the atoms are unimportant .
Our approach is based on r e f .  1, to  which the reader is r e fe r r e d  
f o r  the notat ion  and fo r  a more complete discussion o f  the methods
10
employed. The t r a n s i t i o n  amplitude is found from an approximate 
so lu t io n  o f  the t ime dependent Schrodinger equat ion.  The in te ra c t io n  
m atr ix  elements are  funct ions o f  R, the distance between the c o l l id i n g
atoms (and o f  angles a ls o ,  which we n e g le c t ) .  We consider a
s c a t te r in g  p o te n t ia l  Vg = -c /R^ . We w r i t e  R ( t )  = (p^+v^t^)2 ( l + f ( t ) ) . 
A d i f f e r e n t i a l  equation for  f  is r e a d i l y  obtained and solved under 
the r e s t r i c t i o n  th a t  only terms l in e a r  in c are  included. The 
r e s u l t  is:
2 2
1 + t  -  + ____ L_vt_______
f ( t ) -  -c 1 p2* * 2* 2 , ,  2% 'B; c t; n v t / p ( 3 - D
/iv p ( l+v t  /p  )
Here is the reduced mass of  the c o l l id i n g  atoms, v the r e l a t i v e
v e l o c i t y ,  and p the impact parameter.
The i n e l a s t i c  processes w i l l  be described in a two level  model.
I t  is assumed th a t  the t r a n s i t i o n  is produced by Van der Waals
in te ra c t io n s .  We put 0 |V |2> = q/R^ , 0 |V | l >  = - { 2 |V  | 2 )  = rq/R^ .s s s
Thus r ,  here,  measures the r a t i o  o f  diagonal to o f f  diagonal  
elements. Assume th a t  the system was o r i g i n a l l y  in s ta te  1. The 
amplitude fo r  i t  to be in s ta te  2 a t  t  = 00 is  found to  be
|tt2(p) I2 = V~2 (1 - ^  sin2 [( + 4 :  )<] " “ 2  ̂ (3'2>
37? p5 p 677
2 2 3where 77 = 1+r , x = w p / v  , b = 37Tq?7/ 8hv , d = 3 15ffqc7j/128hjtiv .
Eq. ( 3 .2 )  is exact fo r  the model i f  a) = 0 .
12
The cross section is determined by
CO
u  ~ 27T So | a 2 ( p) 12 p d P
This in tegra l  cannot be done e x a c t ly  even i f  cu = 0 . However, we are
in te re s te d  in terms l in e a r  in c.  To est imate  these,  we approximate 
2
sin  4 by 1 / 2  when the argument is la rger  than a number k o f  order  
2u n i t y ,  and by 1 / |  when i t  is smal le r  than k. We choose fo r  k the
value 1 , 1 8  which y ie ld s  agreement with the known exact value o f  O',
cr(0) fo r  d = 0 and to = 0 , In the f i n a l  expression fo r  o we r e t a in
2the terms l in e a r  in c and to , plus the cross term between them.
For s i m p l i c i t y  we a lso  set r  = 1. The r e s u l t  is
O = or(0) [1 + 0.142 yyj- ^  -  0.463 { - f )  +
(3 .3 )
0 .58 8  (— 2 ) 2v J q f  jUvXQJ
The s ig n i f ic a n c e  o f  t h i s  expression is not the s p e c i f ic  numbers 
but the genera] behaviour o f  the fu n c t io n .  E l a s t i c  sca t te r in g  
increases the cross sect ion .  This is expected, since the a t t r a c t i v e  
fo rce  p u l ls  the c o l l i d i n g  p a r t i c l e s  c loser  together and thus increases  
t h e i r  i n te r a c t io n .  Moreover, we f in d  tha t  the e f f e c t  depends on the 
ratio o f  the wave length fo r  a p a r t i c l e  of  mass equal to the reduced 
mass o f  the p a i r  to the length j c h a r a c t e r i z i n g  the cross sec t ion .  
This r a t i o  is small f o r  heavy p a r t i c l e s  except a t  very low speeds.
For Na -  Ar c o l l i s i o n s ,  h/jLivXQ = 0 .013 a t  a speed corresponding
to  400°K (using cr(0) = , 6 6  x 10 ^cm^) [ l ]  , and even fo r  the
r e l a t i v e l y  unfavourable case o f  oxygen-hydrogen c o l l i s i o n s  studied
-16 2in r e f .  2,  we have fo r  or(0) = 4 . 2  x IO:  cm a speed corresponding to  
400°K, h /y v A ^  = 0 .2 2 .  The term in eqn. ( 3 .3 )  involv ing (toCQ/ v ) ^  
alone is usu a l ly  o f  greater  importance .
These considerations lead to  our p r in c ip a l  conclusion tha t  
inclusion of  e l a s t i c  s c a t te r in g  w i l l  not s i g n i f i c a n t l y  a l t e r  the 
ca lcu la ted  cross sections fo r  e x c i t a t io n  under normal circumstances.
IV THE PSEUDOPOTENTIAL FOR ALKALI ATOMS
a.  Qual i t a t  i ve J u s t  i f  i c a t  io n .
In the a l k a l i  atoms one va lence e le c t r o n  moves most ly  ou ts ide  
a compact core o f  e le c t r o n s  ( i n  closed s h e l l s )  which a r e  f a i r l y  
i n a c t i v e  and t h i s  enables us t o  look a t  the  atoms as o n e -e le c t r o n  
atoms, I . e .  we assume t h a t  in atomic i n t e r a c t i o n s  i t  is o n ly  the  
valence e l e c t r o n  t h a t  c o n t r ib u t e s  to  the i n t e r a c t i o n .  N e v e r th e le s s ,  
the  problem is s t i l l  q u i t e  compl icated because the presence o f  
these in a c t iv e  e l e c t r o n s  re q u i r e s  t h a t  the wave f u n c t io n  o f  the  
va lence  e l e c t r o n  be orthogonal  to  the wave f u n c t io n s  o f  e le c t r o n s  
in closed s h e l l s .  The r e s u l t  is t h a t  the va lence  e l e c t r o n  wave 
fu n c t io n  must v a ry  r a p i d l y  near the nucleus.  We are thus faced w i t h  
an unpleasant  s i t u a t i o n .  We have ignored the  presence o f  the e le c t r o n s  
in c losed  s h e l l s  and ye t  ( i n  in t e r a c t i o n s  in which on ly  the va lence  
e l e c t r o n  is o f  i n t e r e s t )  we s t i l l  have to  inc lude the  e f f e c t s  o f  the  
c o r e - e l e c t r o n s  wave f u n c t io n s .  Is  th e re  a way out o f  t h i s  dilemma?
Is  t h e r e  a way t o  remove the e f f e c t  o f  the c o r e - e ] e c t r o n s  wave 
fu n c t io n s  from the  problem? Th is  is accomplished by the  
p s e u d o p o t e n t ia l .
Let us make the f o l l o w in g  o b s e r v a t io n .  The energy o f  the
2lowest s t a t e  o f  an e le c t r o n  in a - e  / r  p o t e n t i a l ,  t h a t  i s ,  the  
Hydrogen atom, is  - 1 3 . 6  _eV. Compare t h i s  w i t h  the  energy o f  th e  
lowest  s t a t e  o f  the  va lence  e le c t r o n  o f  any o f  the a l k a l i  atoms.
In the  case o f  sodium, f o r  example, i t  is - 5 - 1 2  eV , T h is  t e l l s  us
r ig h t  away th a t  the e f f e c t  o f  the compact ion ic  core is a repulsion  
on the valence e le c t ro n .  This repuls ive  e f f e c t  may be a t t r i b u t e d  
to the requirement th a t  the valence e lec t ron  wave funct ion  be 
orthogonal to the wave funct ions o f  the core e lec t rons  which,  
requirement ,  gives r is e  to add i t io n a l  k i n e t i c  energy o f  the valence  
e le c t ro n  when i t  is inside the core.
We are thus led to  represent  the p o te n t ia l  energy, V ( r ) ,  o f  
the valence e le c t ro n  by an expression o f  the form
V ( r ) =  -  ~  + F (r )
where F ( r )  is a repu ls ive  p o t e n t i a l .  The requirements to  be 
s a t i s f i e d  by V ( r )  are th a t  i t  reproduces the known energy leve ls  
of  the f re e  atom which are  determined from spectroscopic data and, 
fo r  large distances from the nucleus, the valence e le c t ro n  is 
described by a coulomb wave funct ion .
b. Formulation of  the Pseudopotential  Method
In th is  section we present b r i e f l y  a formulat ion  o f  the
Pseudopotential  Method as o r i g i n a l l y  developed by P h i l l i p s  and
1/1 • 15Kleinman
We begin by imagining th a t  we know the ' e x a c t 1 wavefunct ion for  
a valence e le c t ro n  in atomic s ta te  n. Denote i t  by $n ( r ) .  Denote 
the viBve funct ions fo r  core .states by $c (-r) . Our aim is to  obta in  
a!pseudowave funct  io n ,'  $  ( r ) ‘, - f o r  the v a l e n c e 'e le c t r o n ; tha t^w i l  1 
be the 'smooth' par t  (no rad ia l  nodes) o f  . To t h is  end w r i t e
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*/) ( r )  = <£> ( r )  + 2  a 0 ( r )  ( 4 .1 )r n n nc ’ cc
The sum extends over a l l  core s ta te s .  The requirement t h a t  0 n ( r ) 
be orthogonal to a l l  core s ta tes  0C(*') , i . e .
(0C» 0 n) = 0 (4 .2 )
g i ves
a ,  = ” ( 0 _ > \ )  ( 4 .3 )nc c n
so th a t  ( 4 .1 )  becomes
0 n( r )  = 3>n( r )  -  Lc (tbc , $ )  0c ( r )  (4 .4 )
At th is  point  we assume th a t  0 c and ip^ are e igenfunct ions o f  the 
same Hamil ton ian ,  H, w ith  eigenvalues Ec and En> re s p e c t iv e ly .
H 0 = E 0  (4 .5a)O C O
and,
H 0 n = E 0  (4 .5b)^n n ^n
To obta in  an equation s a t i s f i e d  by 3?n> s u b s t i tu te  ( 4 .4 )  in to  (4 .5b)  
and use (4 .5 a )  to  get
H #  -  E  (ib , $  ) (E  -  E ) 0  = E §n c ■ c n c n r c n n
W r i te  the Hamiltonian as H = T+V, where V is the real p o t e n t i a l ,  
and use i t  to reduce the above equat ion to
(T+V ) $  ( r )  = E $  ( r )  (4 .6a )p n n n
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where
V <3> ( r )  = V$ -  S  (E -  E ) ( 0  , $  ) 0  ( r )  (4 .6b)p n n c n r c ’ n r c \ /
V is the desired pseudopotent ia l ,  and (4 .6 a )  is the desired equation  
P
s a t i s f i e d  by the pseudo wave funct ion  ^  . Let us re w r i te  ( 4 .5 b ) ,  
w ith  H = T+V, to  get
(T+V) 0n( r )  = En0n ( r )  (4 .7 )
Notice the very important comparison between ( 4 .7 )  and ( 4 . 6 a ) .  In
order to  go from the 'exact*  wave equation to (4 .6 a )  we replace the
real p o te n t ia l  V by the pseudopotential  V and the 'exac t '  wave
P
funct ion 0 n by the pseudowave funct ion  $  , but r e t a in  the same 
e igenva lu e .
Let us look at  (4 .6 a )  in a l i t t l e  d e t a i l .  t t  is evident  th a t  V
P
is an energy-dependent non- local  operator  and so (4 .6 a )  becomes an
i n t e g r o - d i f f e r e n t i a l  equation whose so lu t ion  must be obtained s e l f
c o n s is te n t ly .  We want to  t r y  to avoid t h is  labor ious task.  Divide
both sides o f  (4 .6b)  by <i>n . " The r e s u l t in g  term 0 C/ ^  we approximate
n
"firby the simple funct ion  e p  / r ,  a form e a s i l y  suggested i f  one 
approximates 0c and $  by S la t e r  o r b i t a l s .  As f o r  the energy 
d i f fe r e n c e  (E^-Efi) one could probably replace i t  by some average 
vhich would not be a poor approximation i f  v a r ia t io n s  of  (E^-E^) 
were small enough to  be neglected.
To avoid a l l  the above we w i l l  adopt the Hellmann type  
pseudopotent ial
2 a
Vp ( r )  = - - p -  + Q. e" ^ r/ r  (4 .8 )
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The pseudopotential  parameters Q, and jS introduced above a re ,  in
e f f e c t ,  a measure o f  the strength and range of  the repu ls ive  pa r t
o f  the p o t e n t i a l ,  r e s p e c t iv e ly .  They p e r ta in  to the s p e c i f i c  f ree
atom one is in te res ted  in and w i l l  have to be determined from
spectroscopic data.  (From here on we drop the subscr ip t  p from V ) .
P
This same form o f  the pseudopotential  has been app l ied  to o th e r .
molecular problems by Preuss'^ ,  to the c a lc u la t io n  o f  ground s ta te
energies of  complex a t o m s ^ ’ ^ ,  and to  problems in s o l id  s ta te
20-23physics . Other forms o f  the pseudopotentiai  a lso  e x i s t .
2 kAshcrof t  has used the form
Ze2V ( r ) = -  —  r > R
r core
~  0 r <  Rcore
where R is some e f f e c t i v e  core rad ius ,  e s s e n t i a l l y  the ion iccore ' '
radius,  and has used i t  fo r  c a lc u la t io n s  o f  r e s i s t i v i t i e s ,  phonon
25spectra and phase s h i f t s  in a l k a l i  metals .  Zapol e t . a l .   ̂ have 
used a s i m i l a r  form which is continuous w i th in  c e r ta in  ranges o f  r ,
A.
VCr) = -  ~  R. ^ r £ r ,+1 ( i = 0 , 1 , . , .  ,k)
to  c a lc u la te  energy spectra and o s c i l l a t o r  strengths fo r  monovalent
atoms. The a r b i t r a r y  parameters in the p o te n t ia l  were determined
by re q u i r in g  th a t  some o f  the eigenvalues coincided with the known
experimental ones. A d i f f e r e n t  type of  pseudopotent ia l ,  based on the
26Thomas-Fermi model, proposed by Gombas in h is  recent discussion  
of the subject o f  pseudopotentials in atomic systems has been
27applied by Bayliss  f o r  c a lc u la t in g  approximate in tera tomic  . 
p o te n t ia ls  for  ground and low- ly ing  exc i ted  s ta tes  of  diatomic  
systems o f  a l k a l i - m e t a l  noble gas atoms. In c los ing  t h is  section  
l e t  us po in t  out th a t  in using our freedom fo r  the choice o f  the 
repuls ive  pa r t  o f  the pseudopotential  our expression has the 
advantage o f  s im p l i c i t y  (w i th  respect  to  Gombas), c o n t in u i ty  ( w i t r  
(wjth,. respectuit© Zapol e t  a l . )  and i s s imp ly: re] a ted^to the - basic ic 
d e r iv a t io n .  I t  does have the disadvantage o f  being strong and 
r a p id ly  vary ing in the core region,  which means th a t  care must be
taken in numerical work, as we shall  see.
c. Determinat ion o f  the Pseudopotent ial  Parameters
2 1The un i ts  employed are: e = 2 ,  m = -  , h  = 1 (energy u n i t  =
1 Ryd.)
The expression fo r  the pseudopoten t ia l , ( 4 . 8 ) ,  is
V ( r )  = -  ~  + Q e x p ( - j 3 r ) / r  ( 4 .9 )
and the parameters to be ca lcu la ted  are  Q and £ .  This is to  be done
for  sodium and cesium. We w i l l  t r e a t  the sodium case in d e t a i l  and
give only the resu l ts  fo r  cesium. This w i l l  make the procedure used 
more s p e c i f i c  and understandable.
The sodium atom in i t s  ground s ta te  has the I s ,  2s, and 2p 
sh e l ls  f i l l e d .  I t s  valence e le c t ro n  is in the 3s s t a t e .  Let us 
see how the v a r i a t io n a l  method can be used. Denote the (p roper ly  
normal ized) rad ia l  par ts  o f  the  valence e lec t ro n  wave functions fo r  
the 3s and 3p s ta te s ,  re s p e c t iv e ly ,  by
with  (known) eigenvalues E^s and Write  the Schrodinger
equation fo r  these two states using (b .9 )  and c a lc u la te  E_ and E„3s 3p
in terms o f  and e2 (and also Q. and ft) . The condit ion  tha t
the energy be a minimum requires 3E_ / 3  = 0  and 3E_ / 3  = 0 .
j s  f i  3p C 2
This gives enough equations to  solve for  Q. and (3 .
The unquestioned m er i t  of  t h is  procedure is th a t  i t  Is s t r a ig h t
forward and the algebra involved is very easy to  handle s p e c ia l l y
when the t r i a l  wave func t io ns ,  R ( r )  , are simple. Because of  th is
22many authors have been using th is  procedure, Callaway points  
o u t ,  however, that  poor approximations to the t ru e  wave funct ions  
f o r  such a type o f  pseudopotent ia l  do not a l lo w  the e le c t ro n  to  
avoid the s t rong ly  repu ls ive  core (as is found to occur when the 
Schrodinger equation is solved) and the re s u l t  is a too so f t  
repu ls ive  p a r t  o f  the pseudopotent ia l .
23The method we used in the present work goes as fo l lows . The 
rad ia l  p a r t  o f  the wave equation is
7 2  + [En.e -  V -  ( 4 ' ,0 )dr r
where E . is the known experimental va lue f o r  the f re e  atom nSL s ta te  
nJt,
and V is the pseudopotent ia l  w ith  t r i a l  values fo r  Q, and jS. Far 
out in the Coulomb region the repu ls ive  par t  o f  the pseudopotential
21
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ts n e g l i g ib le ,  th a t  i s ,  V = and, in th is  region,  the radia l  
wave equation becomes
. 2  n4 r 2 J n£dr r
The so lu t ion  to (4 .1 1 )  we know. I t  is the expansi on
Pn.T rSe"" /S  S  “ X,m r ' mm ’
where s = ( -  E ) 2 and the c o e f f i c ie n t s  a  s a t i s f y  the equation  n jo .ts j m
Now, f o r  a prescribed s ta te ,  say the 3 s - s t a t e  of  sodium ( i . e .
= E^s , SL = 0) , we in te g ra te  (4 .10 )  outwards in to  the Coulomb 
region (where the wave funct ion  is the known P ^ )  and then vary Q. 
and $  u n t i l  we can reasonably match the logar i thm ic  d e r iv a t iv e s  o f  
and In p r a c t ic e  one holds Q f ix e d  and var ies  £  . However,
t h is  set  of  values (Q.,£) is not unique, and one obtains a curve 
Qj (£)  , say, in the  Q.-j9 p lane,  f o r  which so lu t ions  are obtained.
Let us pause f o r  a moment and ask the question: How can we
make the best use o f  the freedom given to us as to the choice o f  the 
parameters(Qr/3) from the-( j9 ) /ecarve?. -Wel  1! We,w111 c-be.jinlater^on'econg 
s id e r in g i in t e r a c t io n s t b e t w e e n a t w o ( a lk a l i ) atomsthEi'en thoughjwe assume 
tha t  the e lec t rons  In closed s h e l ls  remain inert  i t  is not t rue th a t
22
the valence e le c t ro n  w i l l  remain in the s s t a t e .  That is ,  the one- 
e lec t ro n  atom w i l l  be p o la r iz e d  to  some degree and to an extent  we 
can take account o f  t h is  p o l a r i z a t i o n  r ig h t  now, by a l lowing  the  
pseudopotentia l  to describe the in te ra c t io n  o f  the valence e with  
i t s  parent ion when in i ts  f i r s t  exc i ted  s t a t e ,  the p - s t a t e .  This  
we accomplish by repeating the above process ( i n  the case of  sodium) 
fo r  the 3p s t a t e  r e s u l t in g  in a new, Q^fjS) , curve. The in te rs e c t io n  
o f  the curves i d e n t i f i e s  a po in t  a t  which both s ta tes  are f i t  by 
the same p o t e n t i a l ,  and thus s p e c i f ie s  the parameters.
For sodium the 3s and the 3p states were used and an in te rs e c t io n  
of the two Q.(jS) curves was obtained without  d i f f i c u l t y .  For cesium 
the ‘6s and the 6p states were used. No in te rs e c t io n  o f  the Q(8) 
curves was found in t h is  case and a set o f  parameters from the Q(jS) 
curve o f  the 6s s ta te  was chosen a r b i t r a r i l y .  The e r r o r  produced 
in the 6p s ta te  energy was .016 Ryd or 8.8%. The pseudopotential  
parameters adopted f o r  the work to  fo l low  are  l i s t e d  in ta b le  I .
In the case o f  sodium the re s u l ts  are in good agreement w ith  those 
of reference 2 3 .
Table 1. Pseudopotential  parameters fo r  Sodium and Cesium
The c a lcu la ted  and actual  energies f o r  the 3s and 3p 
s ta tes  o f  sodium and the 6s and 6P s ta tes  of  cesium 
are given
Atom E (s)  
exp> ?calc ip) £ (p)-e x p ) '
Na 20.43 2.0475 - .3 7 7 7
Cs 25.00 1.4239 - .2 8 6 2
- .37 7726  - .2231 - .22 3102
- . 2 861 81  - . 1 9 7 2  - . 1 8 1 0 7 2
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In order to  make use o f  e x i s t i n g  molecular  in tegra l  programs,  
the c a lc u la te d  s - s t a t e  pseudo wave funct ions  were f i t  by a l in e a r  
combination (5 terms) o f  s l a t e r  type o r b i t a l s ,  def ined by
Xn (r .C>  E ( (2 n )  ! ) ”*  r " ' 1 e ' f r  ( i t .H t)
and i n d i v i d u a l l y  normal ized so th a t
J  Xn2 (i- O r 2 dr  = 1 ( I t .  15 )
In each case, we w r i t e  fo r  the normal ized t o t a l  pseudo wave funct ion
0 = (4tt) 2 2  a  x n t r .C; ) (4.16)■ i t ll * I1 = 1 i
The exp ec ta t io n  va lue o f  the f re e  atom Hamil ton ian  w i th  the  a n a l y t i c  
pseudo wave fu n c t io n  ( 4 .1 6 )  along w i th  the s l a t e r  o r b i t a l  parameters  
n . ,  a . ,  £ .  are given in t a b le  2i. .I i i
Table  21. S l a t e r  o r b i t a l  parameters and energ ies fo r  Sodium and ,  
Cesium. See equations ( 4 .1 4 )  and ( 4 .1 6 )  f o r  d e f i n i t i o n  
o f  the parameters.
Sodium Ces i urn
1 n .t “ I C-*  i n.1 a i e .*  1
1 1 .162795 .48778 1 .000096 . 12008
2 1 - .94 2629 1 .60674 1 - .4 7 0 2 7 7 . 75668
3 1 .801495 1.75614 1 .053886 3.21463
4 2 .926946 .65373 2 1.257517 .53765
5 2 .003845 4 .57142 2 .132458 2.28540
Energy - .37 7625  - .2 8 6 1 6 9
In f i g u r e  3 we p l o t  the pseudopotent ia l  f o r  sodium, and in
f i g u r e  k  we p l o t  the corresponding pseudo wave fu n c t io n .  Not ice
t h a t  ins ide  the  core the pseudo wave f u n c t io n  d i f f e r s  from the t r u e
va lence  e l e c t r o n  wave f u n c t io n ,  in t h a t  in the  case o f  the lowest
va lence  s t a t e ,  i t  is nodeless.  For the sake o f  comparison we show
in f i g u r e  a reasonable qpproximat ion to  the  t r u e  va lence  e le c t r o n
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V THE HEITLER-LONDON CALCULATION FOR Na-Cs.
The He it !er-London method was developed r ig h t  a f t e r  the invention
of  wave mechanics by Schrodinger,  in an attempt to  get an approximate
so lut ion  to  one of  the simplest  many e le c t ro n  problems, the H2 -  
29molecule J .
Herr ing  and F l ic k e r  have shown that  the H e i t 1er-London approxi­
mation is incorrec t  a t  very  large in tera tomic  separations where i t
p re d ic ts ,  erroneously ,  th a t  the t r i p l e t  s t a t e  should l i e  below the
30s in g le t  s ta te  in H^ . This crossing o f  the p o ten t ia l  energy
curves occurs at  an in te ra tom ic  separat ion R = 49.5  a . Inc o
t h e i r  work, Herr ing  and F l i c k e r  were able  to obtain  an exact
asymptotic expression fo r  the s i n g l e t - t r i p l e t  energy d i f f e r e n c e  in
5 /2  -2RH^. T h e i r  r e s u l t  is proport ional  to R e with leading
2 -2R
correct ions o f  order  0(R e ) .  In the range o f  moderately large
distances,  the leading term in the exact se r ies  obtained by Herring
and F l i c k e r  and the re s u l ts  o f  the standard Heit le r-London c a lc u la t io n
are in good agreement. I t  is not possib le  to  ascer ta in  the accuracy
of  the He it le r -London method in view of  the lack of knowledge of
higher terms in the exact  asymptotic s e r ie s .
Two reasons make us b e l ie v e  tha t  we a re  j u s t i f i e d  in using the
Heit le r-London method in our present work. ( i ) — In the Na-Cs
system the wave funct ions die  o f f  much slower than in the H-H
problem, and a crossing o f  the po ten t ia l  energy curves th a t  one
might expect would have to  occur a t  extremely large d istances,
la rge r  than in the case o f  hydrogen (R = 4 9 .5  a ) .c o
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( i i ) -  The region o f  i n t e r e s t  in the Na-Cs system is th a t  o f  moderately
large d is tances .  In v iew  o f  the preceding observat ions the H e i t l e r -
London method should be accurate in t h i s  region and, fu r the rm ore ,
because o f  { I ) th is  reg io n  should extend to very la rg e  separat ions
beyond which one would get  but n e g l i g i b l e  c o n t r ib u t io n s .
We have made a H e i t le r -L o n d o n  c a l c u l a t io n  o f  the energ ies of
the lowest  s in g le t  and t r i p l e t  s ta tes  o f  the Na-Cs system. Only a
b r i e f  o u t l i n e  of  the c a l c u l a t io n  w i l l  be given here since t h i s  is
31now a s tandard  method presented in var ious  t e x t  books .
Denote the sodium and cesium atoms by A and B, r e s p e c t iv e ly ,  
and a s s ig n ,  a r b i t r a r i l y ,  e lec t ro n  1 t o  atom A and e le c t r o n  2 to  
atom B. When the atoms are  separated by a d is tance  R, the 
H am il ton ian  for  the i n t e r a c t i n g  system is ,  in the present  
approxim at ion,
V  =  Ha (1)  + Hb( 2 )  +  VB(1) + Vft(2 )  + V ( 1 ,2 )  + VftB < 5 - i )
where
Ha ( 1) = T (1) + VA(1 )  is the f r e e  Na atom Hamil ton ian
H _(2 )  = T(2) + Ve ( 2 )  is the f r e e  Cs atom Hamil ton ian  B B
o
V ( i )   ---------- +  Q, exp ( -8  r .  ) / r .  is the i n t e r a c t i o nx r.  x r  ix ix
I X
between ion x (A or B) and e le c t ro n  i (1 or 2 ) .  This  
is ,  o f  cou rs e ,  the pseudopotent ia l  and the parameters  
Q, and /3 a r e  those given in t a b le  I .
2
V( 1 ,2 )  = ------  Is the Coulomb repu ls ion  between e lec t rons
r 1 2
1 and 2,  and
is the i n t e r a c t i o n  between the two ions. Here we
assume the ions to  be spher ica l  and not i n te r p e n e t r a t in g .  
This  w i l l  be the case fo r  not too small in te rn u c le a r  
distances R.
In f ig u r e  5 we show g r a p h ic a l l y  the in t e r a c t i n g  system for  
some f ix e d  d is tance  R. Now, r e c a l l  the pseudo wave func t io n  given  
by equation (4 .1 6 )  and w r i t e  i t  as
I t  describes the motion o f  e le c t r o n  1 about atom A. Without any 
confusion and s i m i l a r  meaning as above we may w r i t e
A l l  the parameters in ( 5 .2 )  a re  def ined by equations ( 4 . l 4 ) - ( 4 . 16)
and are found in t a b l e  2. (Here we have used d i f f e r e n t  symbols fo r  
each atom). The over lap  i n t e g r a l ,  denoted by S, is de f ined  as
i 5
( 5 .2 a )
b(2)  = ( % ) " 2 p  0 .  Xn . < r 2B, 77j)» I I II*i = l i
( 5 .2 b )
i 5
b(l) S ( W 2 S p x (r V,)






s = <a( 1) | b ( 1)>  ( 5 . 3 )
The normal ized s i n g l e t ,  s ,  and one o f  the t r i p l e t ,  t ,  s ta tes  are  
descr ibed by
* s = [2 (1  ±  S2} ] " *  [ a ( l ) b ( 2 )  ±  a ( 2 ) b ( 1 ) ]  ( 5 .^ )
t
The H e i t le r -L o n d o n  energ ies  f o r  the s i g n l e t  and one o f  the t r i p l e t  
lev e ls  are
Es -  <^s |*1 * >  ( 5 . 5 )
t  t  t
Use o f  ( 5 . 0  and ( 5 .^ )  in ( 5 .5 )  y ie ld s
E = r  (A) + C„(B) +
V ±  V c ex
(1 ±  S2) ( 5 . 6 )
where e (A) and ^ (B) are  the f r e e  sodium and cesium atom e ig e n -  
o o
va lues ,  r e s p e c t iv e ly ,  s a t i s f y i n g  
Ha ( D  a (1)  = <ro (A) a (1)
HB(2 )  b (2 )  = eo (B) b(2)  
and t h e i r  va lues are given in t a b l e  2.  Here V and V , o r d i n a r i l y
C 6 X
r e f e r r e d  to as the coulomb or d i r e c t  and exchange i n t e g r a l ,  
r e s p e c t iv e ly ,  are
32
Vc = < a (1 ) b ( 2 ) |  VB(1) + Vft(2)  + V ( l , 2 )  + VAg| a { I ) b ( 2)> (5 .7 )
Vej< = < a ( l ) b ( 2 ) | V B( l )  + Va ( 2) + V (1 ,2)  + VAB| a ( 2 ) b ( l ) >  (5 .8 )
In ta b le  3 we give the var ious in te g ra ls  th a t  a r i s e  when (5 .7 )  and
(5 .8 )  are eva luated .  We use, as c lo s e ly  as pos ib le  the notat ion  of
reference 31. The eva lua t ion  o f  these in te g ra ls  is very lengthy,
cumbersome, and t ime consuming, mostly because our wave funct ions
are l in e a r  combinations o f  several terms, (eqn. 5 . 2 ) .  The most
d i f f i c u l t  are the two centre  in te g r a ls .  One then introduces
3 -2 33e l l i p t i c a l  coordinates J X,/2,<p as shown in f i g .  6,
Then
X = ( r + r B) /R 1 £  \  s »
(5 .9a )
JLi = (rA - rB)/R -1  ̂fi £ 1
The t h i r d  coord inate ,  <p, is the angle of  r o t a t i o n  about the axis  R
j o in i n g  the two atoms. The element of  volume in terms o f  these 
coordinates is
dr  = (R /2)   ̂ (x2 -  (Jt2 )  d \  dp dtp (5 .9b)
In t a b l e d  we give numerical values o f  the in te g ra ls  S, dg ,
JA , Kb , Ka , J>, Kl , !<• ' ,  Ka >, J g 1, JA ' def ined in ta b le  3, o f  \! q
and def ined by equations ( 5 .7 )  and ( 5 . 8 ) ,  and o f  Eg and
33
Table 3. In te g ra ls  met in the He it le r -London c a lc u la t io n  fo r  Na-Cs,
< a ( l )
< a ( l )
<b(2)
< a ( l )
<a(2)
b( 1) ) = S
- J - l  a ( l )  > = J
18 a
-  r - l  b<2> > -
2 A
b ( D  > = K.
IB
b ( 2 ) ) *  K 
2 A A
one-e lec t ron  two-centre  overlap
one -e lec t ron  one-centre coulomb
one -e lec t ron  two-centre reasonance
< a ( l ) b ( 2 ) |  - H  a ( l ) b ( 2 ) >  - J ‘ 
12








b (1) > = Kg1
I a(2 )  > =Ka '
<a( 1) | S -z   | a ( l ) >  = J 1
1 B
~^f\r  2J\
<b(2) |   | b (2 )>A  JA '
2A
tw o-e lec tron  two-centre coulomb
tw o-e lec tron  two-centre exchange
given by equation ( 5 . 6 ) ,  as funct ions o f  R, as obtained through the 




F ! G . 6
Table 4.  Numerical values o f  the  in te g ra ls  met in the Na-Cs Heit ler-London c a lc u la t io n .
R S JB V JA V J' kb V
3 . 0 0 .8 1780 - . 2 5 9 0 0 .01201 - .20923 .00334 .17594 - .19515 .00384
4.00 .74244 - .22379 .0 069 8 - .19451 . 0 0 2 8 8 .16595 ' . - . 1 6 9 5 0 .0 0 2 9 6
5 . 0 0 .65562 - , 1 9 0 8 9 .00342 - .17558 .00191 .15448 - .14167 .00210
6 . 0 0 .56201 - .16355 .00150 - .15617 .0 0 1 0 8 .14227 - .11407 .00139
7 .0 0 .46755 -.14181 .00061 - .13844 .00055 .13007 - .08874 .00089
8 . 0 0 .37798 -.12465 .00024 - . 1 2 3 1 8 .0 0 0 2 6 .11847 - . 0 6 6 9 6 .00055
8.50 .33645 - .11744 .00015 - .11648 .00018 .11303 - .05757 .00043
9 . 0 0 .29759 - .11099 .00009 - .11037 . 0 0 0 1 2 .1 0 786 - .04920 .00033
1 0 .0 0 .2 2 8 7 6 - .09996 .00003 - .09970 .00005 .09843 -.03533 .0 0020
12 ,0 0 . 12704 -.08333 .0 - .08329 .00001 .08299 -,01721 .00007
14.00 .06590 - .07142 .0 - .07142 . 0 .07136 -.00790 . 0 0 0 0 2
16.00 . 0 3 2 3 8 - . 0 6 2 5 0 .0 - .06250 . 0 .06248 - .00346 .00001
1 9 .0 0 .01031 -.05263 .0 - .05263 . 0 .05263 - .00094 .0
2 2 .0 0 .0 0 3 0 6 - .04545 . 0 - .04545 .0 .04545 - .00024 '
Table 4 (Contd) .
R
ka V K' Vc Vex E5 Et E -E t s
3 . 0 0 - . 2 1 5 8 0 .00304 .14094 .45068 . 18487 - .28295 .13877 .421722
4.00 - . 1 9 5 3 6 . 0 0 2 8 2 .11964 .22854 .07097 -.47071 - . 3 1 2 7 0 .1 580 1 8
5 . 0 0 0 .1 6 9 1 0 .00230 .09107 .10055 .01177 -.58523 - .50809 .077146
6 . 0 0 - .14017 .00173 .06531 .03819 -.01041 - .64268 - .59276 .049920
7 . 0 0 - .11177 .00124 .04426 . 0 1 2 0 6 - .01434 - . 6 6 5 6 6 - . 6 3 0 0 1 .035650
8 , 0 0 - , - 8 6 2 0 .00085 . 0 2 8 3 6 .0 0 2 6 6 - . 0 1 1 5 8 - . 6 7 1 6 0 - .64718 .024415
8.50 - .7487 .00070 .02224 .0 008 2 - .00958 - . 6 7 I 67 - .65207 .019599
9 . 0 0 - .06460 .00057 . 0 1 7 2 2 - . 0 0 0 1 0 - .00765 - . 6 7 0 9 1 - .65551 .015399
1 0 .0 0 - .04726 .00040 .0 099 6 - .00059 - .00449 -.66863 - .65967 . 0 0 8 9 5 2
12 ,0 0 - .02394 .00016 .00264 - .00029 - .00184 -.66590 - . 6 6 2 2 2 .003683
14.00 - . 0 1 1 3 2 .0 000 6 .00067 - . 0 0 0 0 8 - .00045 - .66432 - .66342 .000895
16 ,0 0 - .00513 . 0 0 0 0 2 .00015 - . 0 0 0 0 2 - . 0 0 0 1 0 - .66391 -.66371 .000194
19 .0 0 - .00146 .00001 .00001 - . 0 0 0 0 0 1 - . 0 0 0 0 1 - . 6 6 3 8 0 - .66378 .000017
2 2 ,0 0 - . 0 0 0 .0 .0 .0 .0 - .66379 -.66379 .000001
The energies o f  the s in g le t  and t r i p l e t  s ta tes ,  and t h e i r  
d i f fe re n c e  are shown in f i g .  7. The s i n g le t  s ta te  shows a shallow  
minimum a t  r = 8 .3  aQ whose depth is 0 .008  ry (0 .109 e V ) . The
t r i p l e t  s ta te  has no minimum in the Heit le r-London c a lc u la t io n ;
c
however, i f  a Van der Waals a t t r a c t i o n  o f  the form VyDW= -  c/R is
added, a minimum is found. The Van der Waals constant c has been
deduced from s c a t te r in g  measurements to have the value
c = 3 .014  x 10^ ry^ aQ^ ^  . The minimum in the t r i p l e t  s ta te
energy occurs a t  R = 15*8  aQ) and has a depth of  1.0 x 10 ry
( .0013  e V ) . i t  is not possib le  to determine the e f f e c t  o f  the
Van der Waals in te ra c t io n  on the minimum in the s in g le t  s ta te  since
the simple expression is not v a l i d  a t  th a t  d istance.
35Dalgarno and Rudge have der ived a simple formula fo r  the 
energy d i f fe re n c e  between s i n g l e t  and t r i p l e t  s ta tes  a t  large atomic  
separat ions ,  which they have app l ied  to a l k a l i  metal atom p a i r s .  
The ir  formula is
Et (R) -  Eg(R) = 27T S(R) $ (R /2 )  $  (R /2)  (5 .10 )
where S is the overlap i n t e g r a l ,  is the wave funct ion fo r  the
valence e lec t ron  bound to one atom and if) re fe rs  to the other  atom. 
These funct ions are approximated in t h e i r  paper by the leading term 
in the asymptotic se r ies  fo r  a coulomb p o t e n t i a l .  Since a number
of  assumptions are involved in their  t reatm ent,  i t  should be noted

























the energy d i f fe re n c e  between these s ta tes  by 20 to 30% at  moderately
large atomic distances not only  w i th  respect to the He it le r-London
r e s u l ts ,  but also w ith  regard to the asymptotic formula of  Herr ing  
30and F l ic k e r  and the v a r i a t io n a l  c a lc u la t io n  o f  Kolos and 
36Wolniewicz. Consequently,  i ts  use in the spin exchange ca lc u la t io n s  
is open to  some question, although i t  appears from th is  work tha t  
the e r r o r  in the cross section is not la rge .  When (4 .1 )  is evaluated  
using four  term asymptotic coulomb wave funct ions fo r  Na and Cs i t  
gives a smal ler  energy d i f f e r e n c e  than is y ie ld e d  by the H e i t l e r -  
London c a lc u la t io n  by about 10 to  20% in the range o f  distances  
important in the spin exchange problem. However, i f  e r rors  o f  t h is  
magnitude can be t o le r a t e d ,  the Dalgarno-Rudge formula is qu i te  
convenient since overlap in te g ra ls  are much e a s ie r  to compute than 
two e le c t ro n  coulomb and exchange in te g r a ls .  The re s u l t  o f  the 
Dalgarno-Rudge computation is compared w ith  the present r e s u l t  in 
f i g .  7.
The present r e s u l ts  do not agree well  w ith  ind ica t ions  from 
experimental s c a t te r in g  measurements that  the minimum in the t r i p l e t  
sta te  p o te n t ia l  energy curve occurs in the v i c i n i t y  of  
The present experimental resu l ts  are summarized in tab le  5. The 
reason for  the discrepancy in the t r i p l e t  s ta te  is not known, and 
appears to be d i f f i c u l t  to determine,  since the Heit le r-London  
c a lc u la t io n  should be accurate a t  t h is  d is tance.
40
Table 5. P o s i t io n  of  minimum and binding energies fo r  s in g le t  
and t r i p l e t  s ta te s  o f  the Na-Ce system
E > y )






( r e f .  38)
5 . 0 7 x l 0 " 2 4.31 1 .25x l0“ 3 9 .3
P r i tc h ard  e t  a l . 
( r e f .  37)
1 .9 6 x I0 - 3 8 .55
Present work 8 .0x10~3 8 .2 8 1.0x10"^ 1 5 . 8
Dalgarno and 
Rudge
. 9 8 x l0 _if 1 5 . 8
( r e f .  35)
VI SPIN EXCHANGE CROSS SECTIONS FOR Na -  Cs
Denote, as before ,  the sodium and cesium atoms by A and B, 
r e s p e c t iv e ly .  Let the spin I o f  ion A be coupled to the spin of  the 
valence e lec t ron  to form a r e s u l ta n t  t o ta l  spin F. That is ,  F is 
the t o ta l  spin quantum number of  atom A before  the c o l l i s i o n .  We 
are in te res ted  in the process in which the t o ta l  spin o f  atom A is 
changed to F1 such tha t  F1 # F. This is accomplished by f l i p p i n g  
the spin of  i t s  valence e lec t ron .  I f ,  f o r  example, A denoted a 
H-atom, we would have the process F = 1 -* F 1 = 0 or the reverse  
process F = 0 -* F 1 = 1 .
39A quantum formulat ion of  the problem was given by Dalgarno
fo r  H-H c o l l i s i o n s  and attempts to improve approximate c a lc u la t io n s
35,42
40 41w i th in  th is  formulat ion  fol lowed ’ . The quantal form ula t ion
was subsequently extended to include other  more complex systems'
35including most a l k a l i  metal p a i r s .  Dalgarno and Rudge obtain  for  
the t o ta l  spin change cross sec t ion ,  which is what one would observe 
in an actual experiment,
d ( F , F ‘ ) = ff^ pl + (24+1) s in 2(77* -  7]\ )
2k (21+1) ^"° *  Z
s t
where k is the wave nymber o f  r e l a t i v e  motion, and ^  and r a r e  
the s in g le t  and t r i p l e t  phase s h i f t s .  A reduced spin exchange cross 
sec t ion ,  d , independent o f  F1 and 1 can be defined by the equation




so th a t
In  heavy p a r t i c l e  c o l l i s i o n s  the number o f  phase s h i f t s  c o n tr ibu t ing
to the cross section is la rge ,  and we employ the sem i-c lass ica l
approximation which consis ts  in rep lacing the summation in (6 .1 )
by an in tegra l  over impact parameters p, where kp = , and in
14
using the JWKB approximation to  eva luate  the phase s h i f t s .  The 
expression for  the reduced cross section then becomes
and v is the r e l a t i v e  v e l o c i t y  o f  the c o l l i d i n g  atoms. D e ta i led  
c a lc u la t io n s  show th a t  the sem i-c lass ica l  approximation is
w i l l  use our re s u l ts  from the previous s ec t ion .  The region o f  
i n te re s t  is that  o f  f a i r l y  large in te ra tom ic  separat ions and in 
th is  region the d i f fe re n c e  between the t r i p l e t  and s in g le t  




E. (R) -  E (R)
(6 .3 )
/in 41
s a t i s f a c t o r y  in the case o f  H-H c o l l i s i o n s .  ’ For Ê  and E wet  s
43
Et (R) -  Es (R) = AR5 e x p ( - a QR) ^  ^
wi th
A = 0 .007925  
a Q = 1.0983
This expansion is an e m p r i r ic a l  f i t  ra th e r  than an asymptot ic  
expansion o f  the i n t e g r a ls .  We in s e r t  ( 6 .4 )  in to  (6 .3 )  and obta in
f ( Z )  = A(Z/o' ) 6 J7  .J- -?—Zj   dt ( 6 . 5 )
0  J1 ( t 2- l ) 2
where the s u b s t i t u t io n s
R 4- 7
p - 2 =  “ Dp
have been made. The in te g ra l  can be eva lua ted  in terms o f  M od i f ied  
Bessel Funct ions.  The a lg e b r a ,  though a l i t t l e  lengthy ,  is 
s t r a ig h t f o r w a r d  and gives the r e s u l t
f ( Z )  = A ( Z /a o) 6 {(Kg + 6K4 + 15K2 + 10Kq) / 3 2 )  ( 6 .6 )
Let 6 (Z )  = — f ( Z ) ;  then use o f  t h i s  and ( 6 .6 )  in ( 6 .2 )  gives f o r  
v
the cross sec t ion
Q, = ( 27T/O'2) 7  Z s 'n 2 f i(Z) dZ ex o ^ o (6.7)
44
We eva luate  ( 6 . 7 ) in the fo l low ing  way. F i r s t  we c a lc u la te
f (Z )  , or fo r  a given value of  i n i t i a l  r e l a t i v e  v e lo c i t y  u , ~  f ( Z ) .
For not too large values o f  Z, 6(Z)  is qu i te  large and sin fifZ)
o s c i l l a t e s  r a p id ly .  For large values of  Z, 6 (Z)  goes uniformly
9
to zero  as Z and so does sin fi(Z) . We break up the in tegra l  
(6 .7 )  in to  two par ts:
Q,ex = (27r /a 2) { J*00 Z s in 26(Z)  dZ + J  "  Z s i n 25(Z) dZ }
Zo
2
Zq is chosen by a c t u a l l y  looking a t  the func t ion  sin 6(Z)  , and i t  
is t h a t  value such th a t  for  Z< Z , sin 6(Z)  o s c i l l a t e s  r a p id ly  
between values o f  zero and one so tha t  we can replace i t  by i ts  
average value o f  1 /2 .  The second term is in tegra ted  numerica l ly  
by a c t u a l l y  c a lc u la t in g  the modified Bessel Functions en te r in g  6(Z)  
through ( 6 . 6 ) .  In a l l  cases the Zq chosen was a l i t t l e  smal le r  
than the value of  Z f o r  which sin 6(Z)  ceases to o s c i l l a t e .  (This  
occurs when the phase 6 f i r s t  a t t a i n s  the va lue of  7T/2) . Values 
o f  Zq ranged between 15aQ and 12aQ, slowly decreasing with increasing  
r e l a t i v e  v e l o c i t y .  I t  i s ,  th e r e f o r e ,  the region of  in te ra tom ic  
separat ions o f  about 12aQ and grea te r  tha t  are s i g n i f i c a n t  in the  
problem and here the a n a ly t i c  f i t  to E -E given by (6 .4 )  is very  
good.
I;t is convenient to c h a ra c te r iz e  the r e l a t i v e  v e l o c i t y  by an 
e f f e c t i v e  temperature T def ined through
|  JLiv2 = KT (6 .8 )
h5
where [ i  is the reduced mass of  the c o l l i d i n g  p a i r  and K. is
Boltzmann's constant.  In f i g .  8 we show the behaviour of  the phase
2
s h i f t ,  6 ,  and sin 5 as funct ions of  1 fo r  a speed corresponding to
a temperature o f  500 °K.
4 3
Firsov has suggested the fo l low ing  approximation to Q
0 X
given by ( 6 . 2 ) .
Qex = il7p* 2 ( 6 *9)
where p*  is th a t  value of  p f o r  which
S(p*) = 1/7T (6 .10 )
This approximation has been e x te n s iv e ly  used to  avoid numerical
in te g ra t io n s .  I t  is in te re s t in g  to  check the accuracy o f  th is
method. In the present case F i rs o v 's  approximation p red ic ts  a
-14  2cross section o f  1.46 x 10 cm fo r  a r e l a t i v e  v e l o c i t y  o f
6.51 x 10^ cm/sec. This is lower than our r e s u l t  fo r  the same
v e l o c i t y  by less than 3%. The reduced spin exchange cross sections
ca lc u la te d  for  c o l l i s i o n s  o f  Na and Cs through equation (6 .7 )  are
given in tab le  6.
Using (6 .8 )  as the d e f in in g  equation fo r  T we can then obtain
the fo l low ing  approximate a n a l y t i c  expression fo r  Q. vs. T.& X
Q = a -  b XnT (6 .11 )ex
w ith  T measured in degrees K e lv in .  The constants a and b were 
found to  be










14.50 15.00 15.50 16.00 16.00 17.00 1750 18.00 18.50 1900 19.00
_____________________________________ Z (  = OoP)____________________ ■___________.________________
O'
Fig .  8
Tab le  6 .  Reduced spin  exchange cross sec t ions  fo r  Na -  Cs 
c o l l i s i o n s  as a f u n c t io n  o f  r e l a t i v e  v e l o c i t y .
r e l a t i v e  v e l o c i t y  cross s e c t io n s
( I n  °K) ( i n cm/sec)
- 1 4  2
( in un i ts  o f  10 cm )
50 2.06x10^ 1.72
100 2 .9 1 1.65
200 4 . 1 2 1.58
300 5 .0 5 1 .54
4oo 5 . 8 2 1.51
500 6.51 1.49
60 0 7 .1 4 1.47
700 7.71 1.45
800 8 .2 4 1.44
300 8 . 7 4 1.43
1000 9.21 1 .42
1200 10.09 1.40
1500 1 1 .28 1.38
3000 15.95 1.31
10000 2 9 .13 1.20
48
“ 14 2i n un i ts of  10 cm .
The normalized Maxwell ian d i s t r i b u t i o n  o f  the r e l a t i v e  
v e l o c i t i e s  o f  the c o l l i d i n g  p a r t i c le s  is
2
My) =  (a/2Trm3/2 e " ^ v  /K0 (6 .12)
where 8 is the temperature of  the system. We ca lc u la te  an 
e f f e c t i v e  cross sec t ion ,  defined by
Ge f f  = J  m v )  Qex(v) d3v (6 .13)
The c a lc u la t io n  is s t ra ig h t fo rw ard  and y i e l d s
Qe f f  = a -  b (2  -  Jln(ky/8)  ) (6 .14)
where £ny = .57722 is E u le r 's  constant. In  f i g .  9 we p l o t  Q.e ^^











































V I I  SUMMARY AND CONCLUSION
The empir ica l  pseudopotent ial  method provides us w ith  a 
p r a c t ic a l  means o f  t r e a t i n g  a many-electron problem. I t  is simple 
enough to  be used in c a lc u la t io n s ,  and, when the pseudopotential  
parameters are determined from the f re e  atom energy l e v e ls  by 
numerical in te g ra t io n  c f  the wave equation ra ther  than through any 
s i m p l i f i e d  v a r i a t io n a l  method, i t  reproduces f a i r l y  acc ura te ly  the 
f re e  atom spectroscopic data.  Having ca lcu la ted  the pseudopotential  
fo r  sodium and cesium, we have used i t  in a H e i t 1er-London c a lc u la t io n  
to  obta in  p o te n t ia l  energy curves f o r  the lowest s in g le t  and t r i p l e t  
leve ls  o f  the Na -  Cs system. The r e s u l t in g  energy curves were in 
turn used to  c a lc u la te  spin exchange cross sections.
The e f f e c t s  o f  e l a s t i c  s c a t te r in g ,  (d ev ia t ion s  from s t r a ig h t  
l in e  t r a j e c t o r y ) ,  by a Van der Waals p o t e n t i a l ,  have been considered 
and our p r in c ip a l  conclusion is th a t  inc lusion of  e l a s t i c  s c a t te r in g  
w i l l  not s i g n i f i c a n t l y  a l t e r  the ca lcu la ted  cross sections fo r  
e x c i t a t io n  under normal circumstances.
I t  w i l l  probably be worthwhi le to use the pseudopotential  fo r  
c a lc u la t io n s  o f  p o te n t ia l  energy curves associated w ith  homopolar 
molecules and then obta in  macroscopic p ropert ies  of  the gas (e .g .  
v i s c o s i t i e s ,  v i r i a l  c o e f f i c i e n t s ,  e t c . )  which can be compared with  
experimental re s u l ts  which are abundant. This comparison w i l l  t e l l  
how good the p o te n t ia l  energy curves are ,  and in tu rn ,  serve as a 
measure o f  the accuracy o f  the pseudopotent ia l .
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In a d d i t io n ,  i t  has become recent ly  possib le  with crossed 
beams experiments to make d i r e c t  measurements of  d i f f e r e n t i a l  
s c a t te r in g  cross sections.  T h is ,  then, would be i n te re s t in g  to 
formulate  t h e o r e t i c a l l y .
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